Abstract. We introduce spin-harmonic structures, a class of geometric structures on Riemannian manifolds of low dimension which are defined by a harmonic unitary spinor. Such structures are related to SU(2) (dim = 4, 5), SU(3) (dim = 6) and G 2 (dim = 7) structures; in dimension 8, a spin-harmonic structure is equivalent to a balanced Spin(7) structure. As an application, we obtain examples of compact 8-manifolds endowed with non-integrable Spin(7) structures of balanced type.
Introduction
In 1980 Thomas Friedrich proved a remarkable inequality involving the scalar curvature of a compact, spin Riemannian manifold and the first eigenvalue of the Dirac operator, see [15] . This triggered a deep analysis of spin Riemannian manifolds; particular emphasis was put on which compact manifolds admitted parallel, twistor or Killing spinors, see for instance [3, 5, 22] . In particular, it was soon clarified that Riemannian manifolds endowed with a parallel spinor are related to Riemannian manifolds with special holonomy, i.e. Riemannian manifolds whose Riemannian holonomy is contained in SU(n), Sp(n), G 2 and Spin (7) ; notice that the Ricci curvature of a compact Riemannian manifold endowed with a parallel spinor vanishes.
Relaxing the requirement to have a parallel spinor, it was later shown that many non-integrable G structures, G ⊂ SO(n) being a closed subgroup, can be understood in terms of nowhere vanishing spinors, generalizing the case of parallel spinors. For instance, in [1] the authors described SU(3) and G 2 in dimensions 6 and 7 respectively using a unitary spinor. Not only does the spinorial approach offer an alternative frame for telling apart different classes of such structures, but also provides a unifying language showing how the same spinor is responsible for the emerging of both structures. SU(2) structures in dimension 5 have been introduced by Conti and Salamon in [12] and classified by Bedulli and Vezzoni in [8] in terms of the exterior derivatives of the corresponding defining forms -see Section 4. In [12] , the study of SU(2) structures in dimension 5 was certainly motivated by spinors, concretely, generalized Killing spinors. However, no spinorial description of such structures is available; the first goal of this paper is to tackle this question. We do this in Section 4.
As for Spin(7) structures on 8-dimensional manifolds, they can be described in terms of a triple cross product on each tangent space; an equivalent description can be given in terms of the so-called fundamental 4-form Ω. The different types of Spin(7) structures were classified by Fernández in [13] using the triple cross product: there exist two pure classes, called balanced and locally conformally parallel. An equivalent classification is obtained by considering the fundamental form: balanced Spin (7) structures are characterized by the equation ⋆(dΩ)∧Ω = 0, while the 4-form of a locally conformally parallel Spin(7) structure satisfies dΩ = Ω ∧ θ for a closed 1-form θ, called the Lee form. In [19] Ivanov discovered that the unitary spinor which characterizes balanced Spin(7) structures is harmonic, that is, it lies in the kernel of the Dirac operator / D, but gave no further application of this fact. Notice that Hitchin proved in [17] than every compact spin 8-manifold carries a harmonic spinor; not much is known, however, about zeroes of harmonic spinors (see [4] ).
A systematic spinorial approach to Spin (7) , along the lines of [1] , was taken by the second author in [21] . In particular, the observation that balanced Spin (7) structures are equivalent to unitary harmonic spinors was exploited in [21] to construct examples of balanced Spin(7) structures on 8-dimensional nilmanifolds and solvmanifolds. There it became clear that the spinorial approach has some practical advantages on the "classical" one, which uses the 4-form. The principle we follow in this paper is that albeit both the equation / Dη = 0 for a unitary spinor and the equation ⋆(dΩ) ∧ Ω = 0 for a 4-form are non-linear, the first one seems to be more tractable, at least if one is interested in constructing examples of balanced Spin(7) on compact quotients of simply connected nilpotent and solvable Lie groups, that is, on nilmanifolds and solvmanifolds.
Indeed, the second goal of this paper is to construct examples of balanced Spin(7) structures on 8-dimensional nilmanifolds. The first known example of such a structure is a nilmanifold described by Fernández in [14] . Further examples are discussed in [10, 19] .
We describe briefly the idea behind the construction. As we pointed out, it is very natural to consider Spin(7) structures in dimension 8 defined by a chiral, unitary, and harmonic spinor. Nothing hinders, however, to consider G 2 , SU(3) and SU (2) structures in dimensions 7, 6 and 5 respectively, such that the defining spinor is harmonic. Using the spinorial approach of [1] , one can precisely track which classes of G 2 and SU(3) are defined by harmonic spinors; moreover, our spinorial description also allows to pinpoint which classes of SU(2) structures arise from a harmonic spinor. While Spin(7) structures defined by a harmonic spinor form a pure class, the same is not true in lower dimensions; for instance, in dimension 5, the requirement to be harmonic for the corresponding spinor turns out to be quite loose.
Viceversa, beginning with an SU(2) structure on a 5-manifold (resp. an SU(3) structure on a 6-manifold, or a G 2 structure on a 7-manifold), defined by a harmonic spinor, one can multiply by a flat torus T k , k = 3, 2, 1, to obtain a Spin(7) structure in dimension 8 defined by a harmonic spinor, that is, a balanced structure.
In Section 6 we rely on the existing classification of nilpotent Lie algebras up to dimension 6 (see for instance [6] ) for solving the equation / Dη = 0 in the space of invariant spinors on low dimensional nilmanifolds; we refer to Section 5 for the precise meaning of invariant. In particular, we show which metric nilpotent Lie algebras in dimensions 4, 5, and 6 admit a harmonic spinor -see Theorems 6.1, 6.5 and 6.9, and Subsection 6.3.2. The classification of 8-dimensional nilpotent Lie algebras is not known. This paper is organized as follows: in Section 2 we review the necessary preliminaries on Clifford algebras and spinor bundles. Section 3 reviews the spinorial description of Spin (7), G 2 and SU(3) structures; we introduce the notion of spin-harmonic geometric structure, that is, a geometric structure defined by a harmonic unitary spinor. In Section 4 we carry out the spinorial classification of SU(2) structures on 5-manifolds. In Section 5 we consider left-invariant spinors on simply connected Lie groups, finding a general formula for the Dirac operator -see Proposition (5.2) -which we specialize to the case of nilpotent and (a certain kind of) solvable Lie groups. Using this formula, in Section 6 we tackle nilpotent Lie algebras (and nilmanifolds) in dimensions 4, 5, and 6. In dimension 4, a non-abelian nilpotent Lie algebra admits no metric with harmonic spinors. In dimension 5 we classify metric nilpotent Lie algebras and determine those which admit harmonic spinors. Finally, in dimension 6, either we provide a metric on the Lie algebra which admits harmonic spinors, or we show that no such metric exists.
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Preliminaries
In this section we recall some basic aspects about the representation theory of Clifford algebras, in the real and the complex case, as well as generalities on spinor bundles; further details can be found in [16] and [20] .
2.1. Representations of the real Clifford algebra. If n ≡ 3 (mod 4), the real Clifford algebra Cl n of R n , n j=1 x 2 j is isomorphic to the algebra of l-dimensional matrices with coefficients in the (skew) field k, k ∈ {R, C, H}; we denote this algebra by k(l). If n ≡ 3 (mod 4), Cl n is isomorphic to k(l) ⊕ k(l). In low dimensions, the following isomorphisms hold (see [20, Chapter 1, Theorem 4.3] ):
Isomorphisms in higher dimensions are determined by the periodicity property, Cl n+8 = Cl n ⊗ Cl 8 = Cl n ⊗R (16) . As a consequence, there is a unique equivalence class of irreducible representations of Cl n if n ≡ 3 (mod 4) and two different ones if n ≡ 3 (mod 4); these are determined by the image of the volume form, which can be I or −I [20, Chapter 1, Proposition 5.9].
By construction, the even part of the Clifford algebra Cl n , denoted Cl 0 n , is isomorphic to the Clifford algebra Cl n−1 ; using this, one can construct irreducible representations of Cl n−1 from irreducible representations of Cl n by using the following result, which is essentially a reformulation of [20, Chapter 1, Proposition 5.12].
Proposition 2.1. Let W be a k-vector space and let ρ n : Cl n → End k (W ) be an irreducible representation. Write R n = R n−1 ⊕ R, where the second factor is generated by a unitary vector e n , and denote by i n−1 : Cl n−1 → Cl 0 n the extension to Cl n−1 of the map
(1) If n ≡ 0 (mod 4) the representation ρ n−1 splits into two irreducible and inequivalent representations, ρ ± n−1 . These are the eigenspaces W ± of the endomorphism, ρ n (ν n ) : W → W , where ν n is the volume form in R n . (2) If n ≡ 1, 2 (mod 8), the representation ρ n−1 splits into two irreducible equivalent representations. (3) If n ≡ 3, 5, 6, 7 (mod 8), the representation ρ n−1 is irreducible.
In this paper, we will work with the following 6-dimensional real representation of Cl 6 :
where the matrices E ij denotes the skew-symmetric endomorphism of R 8 that maps the i th vector of the canonical base to the j th one and is zero on the orthogonal.
2.2.
Representations of the complex Clifford algebra. Let Cl n be the complex Clifford algebra of C n , n j=1 z 2 j . A construction of an irreducible representation of Cl n can be found in [16] . There exist a 2 k -dimensional complex vector space ∆ 2k and isomorphisms
) be the projection onto the first summand. The complex representation of Cl n is defined as κ n if n = 2k or pr 1 •κ n if n = 2k + 1.
Then ∆ 2k is irreducible as a representation of Cl n and is used to define the complex spin representation: this is the restriction of κ n to Spin(n) ⊂ Cl 0 n . This representation is faithful and irreducible if n = 2k + 1; however, if n = 2k, it splits into two irreducible summands ∆ ± 2k , which are the eigenspaces of eigenvalue ±1 of the Spin(n)-equivariant endomorphism κ n (ν
Depending on the dimension, the complex vector space ∆ 2k is endowed with a real structure ϕ or a quaternionic structure j 2 . These are antilinear endomorphisms of ∆ 2k such that ϕ 2 = I and j 2 2 = −I; they commute or anticommute with the Clifford product, determining a real or quaternionic representation of Spin(n). The precise result is contained in the following proposition (see [16, Chapter 1] 
Proposition 2.2. Suppose n = 2k + r, with r ∈ {0, 1}.
For the cases in which ∆ 2k is decomposable as a Spin(n) representation, one has
We denote also by (∆ + 8p ) ± , (∆ − 8p ) ± and (∆ 8p+6 ) ± the eigenspaces of eigenvalue ±1 of ϕ on ∆ + 8p , ∆ − 8p and (∆ 8p+6 ) ± respectively. If n = 8p + q with 0 ≤ q ≤ 7 then Cl n is isomorphic viaκ n if k ≡ 3 (mod 4), or via κ n otherwise, to:
Remark 2.3. If n ≡ 2, 3 (mod 8) then j 2 is a quaternionic structure that commutes with the Clifford product and if n ≡ 4 (mod 8) then ν 4 j 2 has the same property. That explains the notations End H (∆ 8p+2 ) and End H (∆ 8p+4 ).
In addition, the representation ∆ 2k is equipped with a hermitian product h that makes the Clifford product by vectors on R 2k and R 2k+1 a skew-symmetric endomorphism. We construct from it a scalar product on the irreducible representation of the Clifford algebra using standard results of real and quaternionic structures on irreducible representations applied to the Spin(2k + 1) module ∆ 2k .
(1) If k ≡ 0, 3 (mod 4) the restriction of h to (∆ 2k ) ± is real valued. Moreover, the spaces ∆ (2) If k ≡ 1, 2 (mod 4) then h(j 2 φ, j 2 η) = h(φ, η), hence j 2 is an isometry for the real part of h.
In both cases, we denote by ·, · the real part of h.
2.3. Spinor bundles. Let (M, g) be an oriented n-dimensional spin manifold and let Ad : P Spin (M) → P SO (M) be a spin structure. Let W be a k vector space and ρ n : Cl n → End k (W ) an irreducible representation. Recall that for n ≡ 0 (mod 4) there is a splitting W = W + ⊕ W − into Spin(n) irreducible representations (see Proposition 2.1).
If n ≡ 0 (mod 4), the positive and negative subbundles are Σ
Let Cl(M) denote the bundle whose fiber over p ∈ M is the Clifford algebra of (T p M, g p ); the spinor bundle is a Cl(M)-module with the Clifford product by a vector field X ∈ X(M) given by
here X i are the coordinates of X with respect to the orthonormal frame F = Ad(F ). The Clifford multiplication extends to Λ k T * M in the following way:
• the product with a covector is defined by X * φ = Xφ, with canonical identification between the tangent and the cotangent bundle given by the metric:
where i(X)β denotes the contraction, β ∈ Λ k T * M and X ∈ X(M). This product is extended linearly to Λ k+1 T * M.
The relation among representations of Cl n determine relations among spinor bundles. For instance, we have the following result:
where g m is the canonical metric on R m with orthonormal basis (e n+1 , . . . , e 8p+8 ). Denote by
(1) There is a bijection between spin structures on M and spin structures on
with Clifford product X(φ, t) = (Xe n+1 φ, t) for X ∈ X(M).
Proof. Denote by
) is a Spin(8p+8) structure. Taking the preimage of P SO (M) ⊂ P SO(8p+8) (M), we get a spin structure on M.
Moreover, there is an isomorphism between the bundles P Spin (M) × Spin(n) W
The relation between Clifford products is a consequence of the equality ρ n (v)φ = ρ 8p+8 (ve n+1 )φ for v ∈ R n , which is obtained using the definition of ρ n in Proposition 2.1 as follows:
The scalar product ·, · on W defines a scalar product on the spinor bundle that we also denote by ·, · ; the Clifford product with a vector field is a skew-symmetric endomorphism. The Levi-Civita connection ∇ of g induces a connection ∇ on the spinor bundle which is ·, · -metric and acts as a derivation with respect to the Clifford product with a vector field. Moreover, the complex and quaternionic structures on W determine complex and quaternionic structures on the spinor bundle, which are isometries of ·, · and parallel with respect to ∇. 
where (X 1 , . . . , X n ) is a local orthonormal frame of M.
There is a relation between positive harmonic spinors in different dimensions; we follow the notation of Lemma 2.5:
Riemannian manifold. Let φ be a unitary harmonic spinor of M. Then, η = pr
Spinors and geometric structures
The purpose of this paper is to study geometric structures defined by unitary harmonic spinors on Riemannian manifolds. This is interesting because a unitary harmonic spinor defines different geometric structures according to the dimensions. We shall focus on dimensions 4, 5, 6, 7 and 8. In these dimensions, the relation between unitary spinors and geometric structures on manifolds is summarized in the following result: Proposition 3.1. Let ρ n : Cl n → End k (W ) an irreducible representation and let η ∈ W be unitary.
This proposition means that a unitary spinor in dimension 8 determines a Spin(7) structure on the underlying manifold, and analogously for the other dimensions.
Motivated by Definition 2.7, we give the following definition:
) be a Riemannian spin manifold of dimension n ∈ {4, . . . , 8}, and let η ∈ Γ(Σ(M)) be a unitary section. We say that η determines a spin-harmonic structure on M if / Dη = 0. Moreover, if n ≡ 0 (mod 4), we say that the spin-harmonic structure is positive or negative if η ∈ Γ(Σ ± (M)).
Remark 3.3. For dimensions n > 8, the action of Spin(n) on the sphere of unitary spinors is not transitive. Therefore the stabilizers of the spinors may be different groups, so it makes no sense to define a geometric structure via a unitary spinor unless we require the constancy of the stabilizer (this happens for instance when one has a parallel spinor).
From now on, we denote a generic spinor by φ and a fixed unitary spinor by η.
More specifically, our motivation is constructing 8-dimensional nilmanifolds with invariant balanced Spin(7) structures. As we shall see later, these structures are characterized by the presence of a positive spin-harmonic structure. Lemma 2.8 guarantees that if n ∈ {4, 5, 6, 7}, M is an n-dimensional spin manifold with a spinharmonic structure and
has a Spin(7) balanced structure. In section 6 we will construct such spin-harmonic structures on low dimensional nilmanifolds.
Spin-harmonic structures have already appeared, under disguise, in the papers [1] and [21] ; we proceed to review the relevant results and to relate spin-harmonic structures with the different kinds of Spin (7), G 2 and SU(3) structures. There is no spinorial description of SU(2) structures in dimension 5; we will carry out this classification in Section 4. We will not study the condition in dimension 4; in fact, as we shall see in Theorem 6.1, there are no invariant harmonic spinors on 4-dimensional nilmanifolds.
3.1. Positive spin-harmonic Spin(7) structures in dimension 8. Let (M, g) be an 8-dimensional Riemannian manifold; a Spin (7) structure is characterized by the presence of a triple cross product on each tangent space; in turn, this is determined by a 4-form Ω (see [23, Definition 6.13] ).
As usual, a way to measure the lack of integrability of a geometric structure is provided by its intrinsic torsion (see [24] ). In this case, the intrinsic torsion of a Spin (7) structure is a section of the bundle T * M ⊗ spin (7) ⊥ , which is isomorphic to Λ 3 T * M via the alternating map. The Hodge star defines an isomorphism
Therefore, the different classes of Spin (7) structures are determined by the exterior derivative of Ω.
For a fixed Spin (7) form Ω on R 8 , the decomposition of the space of 3-forms of R 8 into irreducible Spin (7) invariant subspaces is given by (see [23, Theorem 9 .8]):
where
In [13] , Fernández distinguished Spin(7) structures in the following pure classes:
A Spin(7)-structure given by Ω is said to be:
A Riemannian manifold (M, g) admitting a Spin (7) structure is spin and the positive part of its spinor bundle has a unitary section. Conversely, a spin 8-dimensional manifold whose spinor bundle admits a positive unitary section η can be endowed with a Spin(7) structure by the formula
As for spin-harmonic structures, the following result was proved by the second author in [21] :
Theorem 3.5. The spinor η determines a positive spin-harmonic structure if and only if the induced Spin (7) structure is balanced. Remark 3.6. Spin-harmonic structures are thus especially relevant in dimension 8, since they represent a pure class of Spin (7) structures.
3.2. Spin-harmonic G 2 structures in dimension 7. A G 2 structure on a Riemannian 7-dimensional manifold (M, g) is characterized by the presence of a cross product on (T M, g), which is determined by a 3-form Ψ (see [23, Lemma 2.6 ])
The torsion of a G 2 structure is a section of the bundle
The splitting of R 7 ⊗g ⊥ 2 into four G 2 invariant irreducible subspaces determines four subbundles, χ 1 , χ 2 , χ 3 , χ 4 which, in turn, determine pure types of G 2 structures.
Such classes are completely determined by differential equations for Ψ and * Ψ. In order to state the precise result, we recall the decomposition of Λ 2 (R 7 ) * and
Moreover, the torsion is a section of χ j if and only if
A Riemannian manifold (M, g) admitting a G 2 structure is spin and its spinor bundle has a unitary section. Conversely, the spinor bundle Σ(M) of a spin 7-manifold M has a unitary section η and the 3-form of the G 2 structure is given by [1] :
The relationship between G 2 -structures and harmonic spinors is characterized by the following result:
The spinor η determines a spin-harmonic structure if an only if the induced G 2 structure is of type χ 2 ⊕ χ 3 .
3.3.
Spin-harmonic SU(3) structures in dimension 6. Let (M, g) be a 6-dimensional Riemannian manifold. An SU(3) structure on M consists in a compatible almost complex structure J and a complex volume form Θ (see [18, 24] ). We denote by Θ + and Θ − the real and imaginary part of Θ and we define the fundamental 2-form ω by ω(X, Y ) = g(JX, Y ) for X, Y ∈ X(M).
The space R 6 ⊗ su(3) ⊥ decomposes into seven SU(3)-invariant irreducible subspaces; accordingly the intrinsic torsion of an SU(3) structure, which is a section of T * M ⊗ su(3) ⊥ , decomposes into the subbundles χ 1 , χ1, χ 2 , χ2, χ 3 , χ 4 , χ 5 (see [11] ).
These are related to differential equations for ω, Θ + and Θ − . Before formulating the result, we recall the decomposition of Λ 2 (R 6 ) * and Λ 3 (R 6 ) * into SU(3) irreducible representations. For this, we consider the U(3) decomposition
* and we denote the real part of a complex vector space V by V . For a fixed SU(3) structure (ω, Θ + , Θ − ) on R 6 , the splitting is:
* are the spaces of primitive forms, that is, forms of Λ 1,1 (C 6 ) * and Λ 2,1 (C 6 ) * which are orthogonal to ω and ω ∧ (C 6 ) * , respectively. The associated bundles of M will be denoted respectively by Λ
Moreover, the intrinsic torsion is a section of χ j if and only if τ k = 0 for k = j.
A Riemannian manifold (M, g) with an SU(3) structure is spin and its spinor bundle has a unitary section. Conversely, a spin 6-dimensional manifold has a unitary spinor; the following proposition explains how the spinor induces the SU(3) structure. 
The fundamental form ω and the real part of the complex 3-form Θ + of the SU(3) structure determined by η are given by ω(X, Y ) = jXη, Y η and Θ + = − XY Zη, η . Proposition 3.10 guarantees the existence and uniqueness of S ∈ End(T M) and γ ∈ T * M such that:
The relation between harmonic spinors and SU (3) structures is given by the following result:
The spinor η determines a spin-harmonic structure if an only if its induced SU(3) structure is in the class χ 22345 and verifies δω = −2γ.
We finally relate Theorem 3.11 and Proposition 3.9.
Corollary 3.12. The SU(3) structure is spin-harmonic if and only if it lies on χ 22345 and verifies
Moreover, according to [1, Theorem 3.13] , if the torsion lies on χ 5 then, ∇ X η = γ(X)jη and therefore, for orthonormal vectors:
Thus,
γ and the result follows.
4. Spin-harmonic SU(2) structures on 5-dimensional manifolds 4.1. SU (2) structures. An SU(2) structure on a Riemannian manifold (M, g) is determined by an orthogonal splitting T M = ξ ⊕ α ♯ , where α is a unitary 1-form and the distribution ξ = ker α is endowed with three almost complex structures J k : ξ → ξ, k = 1, 2, 3 which are isometries with respect to the induced metric, and satisfy
In fact, SU(2) structures are characterized by the forms (α, ω 1 , ω 2 , ω 3 ), as the following result states: 
There is a local frame of the cotangent bundle, (e 1 , . . . , e 5 ), such that α = e 5 , ω 1 = e 12 + e 34 , ω 2 = e 13 − e 24 , ω 3 = e 14 + e 23 .
An almost complex structure J k : ξ → ξ defines an almost complex structure on
The next lemma will be used in the next section:
Proof. We compute the equality for β = e 1 . Using that J k e 1 = −(J k e 1 ) * and that ω k = −(I + ⋆ ξ )(e 1 ∧ Je 1 ), we get:
As usual, SU(2) structures are classified by the intrinsic torsion, which is a section of T * M ⊗ su(2) ⊥ . In the following, we denote the intrinsic torsion by an SU(2) equivariant map,
where P SO (M) is the frame bundle of M. Proposition 4.5 below shows that Ξ is determined by (dα, dω 1 , dω 2 , dω 3 ). In order to state it, we recall the irreducible decomposition of some SU(2) modules (see [8] ).
Proposition 4.4. Let R 5 be endowed with the SU(2) structure (α, ω 1 , ω 2 , ω 3 ). Then
where 7R means 7 copies of the trivial representation R, and so on. Let
2 )) . 4.2. Spinorial point of view. Let ρ 5 : Cl 5 → End C (W ) be an irreducible representation with complex structure j 1 = ρ 5 (ν 5 ). Take also a quaternionic stucture j 2 that anticommutes with the Clifford product, and define j 3 = j 1 • j 2 .
Let (M, g) be a spin Riemannian manifold and let Ad : P Spin(5) M → P SO(5) M be a spin structure. The spinor bundle Σ(M) = P Spin(5) (M) × ρ 5 W has a unitary section η. Define Stab(η) as the subbundle whose fiber at p ∈ M is the stabilizer of the spinor η(p) under the action of Spin(5). It is an SU(2) reduction of P Spin(5) (M), and the projection Ad(Stab(η)) is an SU(2) structure because the kernel of Ad is ±1 and −1 / ∈ Stab(η p ).
We first explain the decomposition of the spinor bundle of M and write the forms that determine the structure by means of spinors. For that purpose consider the map ρ η : Spin(5) → W , ρ η (g) = gη, whose differential is dρ η :
Lemma 4.6. The restriction dρ η : su (2) ⊥ → η ⊥ is an isomorphism. Therefore, there is a decomposition of η ⊥ with respect to the SU(2) structure determined by η, (α, ω 1 , ω 2 , ω 3 ):
Proof. The kernel of dρ η is su(2) because Stab(η) = SU(2) and im dρ η ⊂ η ⊥ . By Proposition 4.5(2), we have Σ(M) = η ⊕(⊕ 3 k=1 ω k η )⊕(α∧ξ * )η. Now (α∧ξ * )η = ξ * η because these are irreducible representations of the same dimension.
We can write the forms that determine the SU(2) structure in terms of spinors.
Lemma
Proof. The orthogonality of the mentioned spinors follows from the fact that the endomorphisms j k are isometries. From this property it also follows that the subspace H ⊥ η is j k -invariant. In addition, H ⊥ η is SU(2)-irreducible as a consequence of Lemma 4.6, and the map X → Xη is injective and SU(2)-equivariant. Since R 5 = R ⊕ C 2 as SU(2) modules, necessarily H ⊥ η = ξη for some ξ ⊂ R 5 . Finally, the endomorphisms J k define a quaternionic structure on ξ, since j 2 is a quaternionic structure on H ⊥ η . Definition 4.8. Let (M, g) be a Riemannian manifold with a spin structure and let η ∈ Σ(M) be a unit spinor. The SU(2) structure (α, ω 1 , ω 2 , ω 3 ) defined by η is given by: Lemma 4.9. The following equalities hold:
αj 2 η = −j 3 η and αj 3 η = j 2 η.
Proof. Take an orthonormal oriented frame (e 1 , e 2 , e 3 , e 4 , e 5 ) such that ω 1 = e 12 + e 34 , ω 2 = e 13 − e 24 , ω 3 = e 14 + e 23 and α = e 5 . Since J 1 (e 1 ) = e 2 and J 1 (e 3 ) = e 4 , ω 1 η = (e 1 e 2 + e 3 e 4 )η = e 1 J 1 (e 1 )η + e 3 J 1 (e 3 )η = j 1 (e 2 1 + e 2 3 )η = −2j 1 η . For k ∈ {2, 3} the computation is similar, but one has to take into account that j 2 and j 3 anticommute with the Clifford product with a vector.
Finally, e 12 η = −j 1 η = e 34 η implies ν 5 η = −e 5 η. The last two claimed equalities are a consequence of the latter one, together with the fact that j 1 j 2 = j 3 . For instance, αj 2 η = −j 2 αη = j 2 j 1 η = −j 3 η. 
Our next purpose is to compute the Dirac operator of η in order to relate it with the torsion of the SU(2) structure. We first introduce some notation.
Definition 4.12. Lemmas 4.6 and 4.9 guarantee the existence and uniqueness of S ∈ End(ξ), V ξ ∈ ξ, Θ l ∈ ξ * and φ l ∈ C ∞ (M), l = 1, 2, 3, such that:
Definition 4.13. According to Proposition 4.4, there is a decomposition of S ∈ End(ξ):
where S k ∈ σ k (ξ) and S 0 ∈ su(2).
Remark 4.14. The endomorphism S changes when we change η by means of a quaternionic phase, that is, we consider a 0 η + 3 k=1 a k j k η with (a 0 , a 1 , a 2 , a 3 ) ∈ S 3 . We now compute it for j k η, whose SU(2) structure is (α, (−1)
as a consequence of the following:
If we consider
and we take into account that ∇ X (j k η) = j k (∇ X η), we deduce:
We now compute the Dirac operator of η in terms of the tensors we introduced; we use the notation of Definition 4.12. 
Proof. Let (e 1 , . . . , e 4 , R) be an oriented orthonormal local basis. From (1), we have
Next, we proceed to write the torsion in terms of the forms (α, ω 1 , ω 2 , ω 3 ) defined by a unitary spinor η ∈ Σ(M) as in Lemma 4.8. 
where ∇ is the Levi-Civita connection and ∇ is the spinorial connection.
Proof. Take X, Y, Z ∈ T p M and extend them to vector fields with
After computing the differentials, we prove a technical result: Lemma 4.17. For X, Y ∈ ξ, one has:
Proof. We prove the first equality, the others being similar. We analize each irreducible part separately.
Clearly ω 1 (µX, Y ) − ω 1 (Y, µX) = 2µω 1 (X, Y ). Taking into account that S k J 1 = ε k J 1 S k , we have that S k J 1 is skew-symmetric for k = 1 and symmetric for k ∈ {2, 3}. Hence,
Finally we conclude:
Using that S 0 ∈ su(2) we get,
Proposition 4.18. Let η ∈ Σ(M) be a unitary spinor and let α be the 1-form of the SU(2) structure determined by η. Then (with the notations of Proposition 4.5),
where:
Proof. First observe that 1 2 dα(X, Y ) = ∇ X η, Y j 1 η − ∇ Y η, Xj 1 η . In order to compute dα| ξ consider X, Y ∈ ξ and use Lemma 4.17 to obtain:
Finally,
Proposition 4.19. Let η ∈ Σ(M) be a unitary spinor and let (ω 1 , ω 2 , ω 3 ) be the 2-forms of the SU(2) structure determined by η. Then
Proof. Suppose that X, Y, Z are orthonormal; then
If X, Y, Z ∈ ξ and W ∈ ξ is unitary, orthogonal to X, Y, Z and such that (X, Y, Z, W, R) is positively oriented, then
and
From Proposition 4.15 we deduce
The previous equality implies that ⋆ ξ (τ
is a positive frame. Taking into account Lemma 4.3, we obtain τ
Suppose that X, Y ∈ ξ; we are going to compute i(R)dω. We use that if Z ∈ ξ, then:
We first deal with
Using Definition 4.13, it is easy to check that
Taking into account Lemma 4.17 we get:
In addition, ∇ R η, XY j k η = V ξ η, XY j k η + the previous sum, which is equal to ε k 3 l=1 ε l J k (J l )Xη, Y η and we get:
This completes the proof of the statements.
The previous results allow us to write the equations for SU (2) 
In [12, Definition 1.5] the authors defined hypo SU(2) structures as those verifying
The intersection between hypo and spin-harmonic stuctures is characterized by the equations:
In section 6 we present three nilmanifolds that admit SU(2) invariant structures in this intersection.
Dirac operator of invariant spinors on Lie groups
5.1. Spin structures on Lie groups. Let (G, g) be an n-dimensional connected, simply connected Lie group endowed with a left-invariant metric. Fix an orthonormal left-invariant frame (e 1 , . . . , e n ); the frame bundle of G is P SO (G) = G × SO(n) and its unique spin structure is P Spin (G) = G × Spin(n). Fix also an irreducible representation ρ : Cl n → End k (W ). The spinor bundle of G is Σ(G) = G × W and the Clifford multiplication by a vector field
is the canonical basis of R n . Each spinor is identified with a map φ : G → W and we call the spinor φ left-invariant if it is constant. Let Γ be a discrete subgroup of G and π : G → Γ\G be the canonical projection. We endow Γ\G with the metric, also denoted g, which pulls back to g under π.
Lemma 5.1. There is a bijective correspondence between homomorphisms ε : Γ → {±1} and spin structures on Γ\G:
where the action is y · (x,h) = (yx, ε(y)h), for y ∈ Γ.
Proof. Spin structures on Γ\G are in a bijective correspondence with liftings of the action
where L y denotes the left multiplication by y (see [16, page 43] ). This action commutes with action of SO(n) on P SO (G) and therefore a lifting of this action commutes with the action of Spin(n) on P Spin (G).
According to the identification P SO (G) = G × SO(n) given by (e 1 , . . . , e n ), the action is y · (x, h) = (yx, h). A lifting of the action to P Spin (G) = G × Spin(n) must verify y · (x, 1) = (yx, ε(y)1) for a some map ε : Γ → {±1}, which is necessarily a homomorphism. The previous discussion shows that this property determines the action.
The spinor bundle associated to P Spin (Γ\G) ε is Σ(Γ\G)
Spinors are then identified with maps φ : G → W such that φ(yx) = ε(y)φ(x) for x ∈ G, y ∈ Γ, and Clifford multiplication of a spinor φ : G → W with a vector field X ∈ X(Γ\G) with
Moreover, a spinor φ ∈ Σ(Γ\G) ε lifts to a unique spinorφ ∈ Σ(G) and both are identified with the same map G → W . Using this identification, for a left-invariant vector field X ∈ X(G) we have ∇ dπx(X) φ(x) = ∇ Xφ (x) and, according to [16, page 60],
In the sequel we focus on a quotient Γ\G and on spinors that lift to left-invariant spinors on G; we call those left-invariant spinors. Of course, they are associated to the trivial spin structure and they are constant. Special examples are given by nilmanifolds, where G is nilpotent, and solvmanifolds, where G is solvable.
In particular, we restrict our attention to left-invariant harmonic spinors. Mind that the non existence of left-invariant harmonic spinors does not imply the non existence of harmonic spinors associated to the trivial spin structure. For instance, from Proposition 5.2 one can deduce that a 3-dimensional nilmanifold, quotient of the Heisenberg group, does not admit left-invariant harmonic spinors; however, Corollary 3.2 in [2] implies that every spin structure on such a nilmanifold admits a left-invariant metric with non-zero harmonic spinors.
5.2. Dirac operator. Let (G, g) be a Lie group endowed with a left-invariant metric, let (e 1 , . . . , e n ) be a left-invariant orthonormal frame with dual coframe (e 1 , . . . , e n ). Let Γ be a discrete subgroup of G and consider the spin structure associated to the trivial action on Γ\G. We follow the notation of the previous subsection.
Proposition 5.2. Let φ be a left-invariant spinor. Then
Proof. First we compute the covariant derivative of φ according to formula (2) . Note that d e i φ = 0 because φ is left-invariant. We use Koszul formula to obtain
where ∇ is the Levi-Civita connection and ∇ is the spinor connection. Therefore,
From this we get:
where we have used that
Since our focus is on nilmanifolds and solvmanifolds, we specialize Proposition 5.2 to this setting. Recall that a frame (e 1 , . . . , e n ) of a nilpotent Lie group is called nilpotent if
Corollary 5.3. Let G be a nilpotent Lie group and let (e 1 , . . . , e n ) be an orthonormal nilpotent frame. Let φ : G → W be a left-invariant spinor; then
In particular, the operator / D is ·, · -symmetric on the space of invariant spinors.
Next, suppose that g is a rank-1 extension of a nilpotent Lie algebra n, and let G and N be the associated simply connected Lie groups. As vector spaces g = e 0 ⊕ n; the Lie bracket in g is given by
where D : n → n is a derivation. In terms of covectors, D can be seen as a linear map n
n * is the ChevalleyEilenberg differential. Extending α ∈ Λ k n * by zero to e 0 , one has
We also suppose that G is endowed with an invariant metric which makes e 0 orthogonal to n * .
Corollary 5.4. Suppose that (e 1 , . . . , e n ) is an orthonormal frame of N and let φ : G → W be a left-invariant spinor. Then
In particular if D is symmetric and (e 1 , . . . , e n ) is a basis of eigenvectors then
Proof. The formula is deduced from Proposition 5.2 and (5). In addition, if D is symmetric and (e 1 , . . . , e n ) is a basis of eigenvectors of D, then e i ∧ D(e i ) = 0.
5.3.
The operator / D 2 on nilmanifolds. The square of the Dirac operator is an elliptic operator with positive eigenvalues. In this subsection we fix the trivial spin structure on a nilmanifold Γ\G associated to the trivial action and obtain a formula for the square of the Dirac operator over the space of left-invariant spinors. This will allow us to understand the eigenvalues of the 5-dimensional Dirac operator in Section 6. A straightforward computation gives the following result:
Lemma 5.5. Suppose (e 1 , . . . , e n ) is an orthonormal nilpotent frame of G and φ : G → W a left-invariant spinor, then:
We discuss each summand of (7). We use the juxtaposition of indices to denote Clifford products, for instance e ij = e i e j . Moreover, we can identify each
..i k of the Clifford algebra. This identification does not depend on the orthonormal basis chosen. We also set
Lemma 5.6. Take ω in Λ 2 g * . Using the previous identifications,
Proof. Let (e 1 , . . . , e n ) be an orthonormal basis and write ω = i<j ω ij e ij . If i, j, k, l are distinct indices, then it is easy to obtain that e ij e ik + e ik e ij = 0 and that e ijkl + e klij = 2e ijkl . A combination of these properties leads to the equality:
which proves the lemma.
Remark 5.7. The operator e ijkl · verifies (e ijkl ·) 2 = I and it is not an homotethy. Let ∆ ± be the eigenspace of Σ(G) associated to ±1 and take φ ± ∈ ∆ ± . Then,
This endomorphism is invertible except when ω ij = ±ω kl ; in this case the kernel is ∆ ± .
Lemma 5.8. Let (e 1 , . . . , e n ) be an orthonormal nilpotent frame of g and i < j. Then
Proof. We denote α = i(e i )de j ∈ g * and β = de j |
In this notation, we observe that e ij de i de j = e ij de i (e i ∧ α + β) = de i (−e i ∧ α + β)e ij and that e i β = βe i . Hence,
We now identify the terms in the summand. On the one hand, if we write
On the other hand, it is sufficient to prove (de i β − βde i ) = 2 k<i i(e k )de i ∧ i(e k )β in the case that de i = e pq and β = e lm with l < m and p < q. We distinguish two cases:
(1) If (p, q) = (l, m) or p, q / ∈ {l, m}, then e pq e lm − e lm e pq = 0. In addition, j−1 k=1 i(e k )e pq ∧ i(e k )e lm = 0. (2) In other case; for instance if p = l and q = m, then e pq e pm − e pm e pq = 2e qm and 2 j−1 k=1 i(e k )e pq ∧ i(e k )e pm = 2e qm . The other instances are similar.
From this we obtain:
Corollary 5.9. Let (e 1 , . . . , e n ) be a nilpotent orthonormal frame of g and let φ be a left-invariant spinor; then,
Spin-harmonic structures on nilmanifolds
In order to determine left-invariant harmonic structures on nilmanifolds one has to compute the Dirac operator associated to each left-invariant metric and study its kernel. In dimension 4 and 5 we give a list of all left-invariant metrics and compute the eigenvalues of the Dirac operator by means of the metric using Corollary 5.9. We will also give a list of 6-dimensional nilmanifolds that admit left-harmonic structures and list one such metric on each algebra.
Note that the existence of left-invariant harmonic spinors on a nilmanifold Γ\G depends on the Lie algebra g. For this reason, we sometimes write that the Lie algebra g admits left-invariant harmonic spinors.
To denote Lie algebras we use Salamon's notation: (0, 0, 12, 13) denotes the 4-dimensional Lie algebra with basis (e 1 , e 2 , e 3 , e 4 ) and dual basis (e 1 , e 2 , e 3 , e 4 ), with differential de 1 = de 2 = 0, de 3 = e 12 and de 4 = e 13 . The list of nilmanifolds can be found in [6] .
6.1. 4-dimensional nilmanifolds. In terms of an orthonormal nilpotent basis, a list of non-abelian 4-dimensional metric nilpotent Lie algebras is: Here µ ij denote structure constants which are necessarily non-zero, while λ ij may vanish. 6.2. 5-dimensional nilmanifolds. As in Section 4.2, we fix an irreducible representation of Cl 5 , ρ 5 : Cl 5 → End C (W ), with complex structure j 1 = ρ 5 (ν 5 ) and a quaternionic stucture j 2 that anticommutes with the Clifford product; define
For instance, let ρ 6 be the representation of the real 6-dimensional Clifford algebra described on subsection 4.2 and define ρ 5 = ρ 6 • i 5 , as in Proposition 2.1. Then, j 1 = ρ 5 (ν 5 ) and j 2 = ρ 6 (e 6 ).
We first use Corollary 5.9 to obtain the eigenvalues of the Dirac operator. In the presence of a harmonic spinor η, we can relate the operator 16 / D 2 with the 1-form α of the SU(2) structure defined by η. Proposition 6.2. Let (e 1 , . . . , e 5 ) be an orthonormal nilpotent basis of g and let φ be an invariant spinor. Then 16 / D 2 φ = µφ + vj 1 φ where µ = de i 2 and
In addition, µ ≥ v and the restriction of the operator 4 / D to the space of invariant spinors has four complex eigenspaces, associated to ±(µ ± v ) Proof. First observe that if γ ∈ Λ 4 g * , then γφ = −(⋆γ)j 1 φ. This computation is straightforward for simple forms and is extended to Λ 4 g * by linearity. Note also that the nilpotency property guarantees that de j ∧ de j = 0 for j ≤ 4 and that γ 34 = 0. Those remarks and Corollary 5.9 allow us to conclude the first statement. From this we get that the eigenvalues of 16 / D 2 are µ ± v ≥ 0 and the eigenvalues of 4 / D are therefore, ±(µ ± v )
D which is sufficient to conclude the rest. Proof. Decompose v = λα ♯ +w according to the orthogonal decomposition α ♯ ⊕ξ. By Corollary 5.9, / D 2 η = µη + (λα ♯ + w)j 1 η = (µ + λ)η + wj 1 η, using that α ♯ j 1 η = j 1 α ♯ η = j 1 (−j 1 η) = η, from Lemma 4.9(2). This implies, according to Proposition 4.7, that w = 0 and µ = −λ. Thus, v = −µα ♯ .
From these results we observe that on a nilpotent Lie algebra, the component of v on the subspace e 5 depends on the non-degeneracy of de 5 . Moreover, taking into account the structure equations of 5-dimensional nilpotent Lie algebras given in Lemma 6.4, one deduces that the component of v on e 4 is always 0. Anyway, the vector v is going to be determined on Theorem 6.5. 
Proof. Following the notation of Lemma 6.4, we compute µ and v defined as in Proposition 5.9. Obviously, µ is the sum of the squares of the parameters involved. In order to compute the vector v, we suppose that the nilpotent basis is positively oriented. This assumption does not depend on the existence of harmonic spinors. We summarize the result in the following table: We now study, on each Lie algebra, the equation that determines the presence of left-invariant harmonic spinors: µ = v . We can understand Lemma 6.4 as a list in which one fixes an orthonormal basis of R 5 and varies the Lie bracket over an isomorphism class of Lie brackets.
From Lemma 6.3 and the proof of Theorem 6.5 we obtain that for every harmonic invariant SU(2) structure on nilmanifolds with Lie algebras N 5,6 , N 5,5 and N 5,2 , the direction of the 1-form α does not depend on the isomorphism class of the Lie bracket. We analyze each case separately, giving an example of the forms that determine the structure which have been computed using the representation fixed at the beginning of the section. We also suppose that the basis (e 1 , e 2 , e 3 , e 4 , e 5 ) is positively oriented.
On the algebra N 5,6 , α is parallel to e 5 , in particular, if µ 12 = ±µ 34 then α = ∓e 5 . Then α is contact because dα = µ 34 (±e 12 + e 34 ). Moreover, ξ = e 1 , . . . , e 4 and therefore, dω k = 0 for k = 1, 2, 3.
If µ 12 = −µ 34 , then ker(j + α·) = ker(j + e 5 ·) = φ 1 , φ 2 , φ 3 , φ 4 . If we take η = φ 1 , then ω 1 = e 12 + e 34 , ω 2 = e 14 + e 23 and ω 3 = e 13 − e 24 . Thus, dα = τ 6.3. 6-dimensional nilmanifolds. We fix the irreducible representation of Cl 6 described in Section 4.2 and denote by j the Clifford multiplication by the volume form, which anticommutes with the Clifford product with a vector. As in the 5-dimensional case we have the following: Proposition 6.6. Let (e 1 , . . . , e 6 ) be an orthonormal nilpotent frame of g and let φ be an invariant spinor. Then 16 / D 2 φ = µφ + γjφ, where µ = de i 2 and
In addition, the restriction of the operator / D 2 over the space of invariant spinors has eight eigenspaces, ∆ j , associated to ±λ 1 , ±λ 2 , ±λ 3 , ±λ 4 for some 0 ≤ λ 1 ≤ λ 2 ≤ λ 3 ≤ λ 4 and j restricts to a map, j : ∆ λ j → ∆ −λ j . Proof. The equations for L 3 ⊕ L 3 are obtained from a basis (x 1 , . . . , x 6 ) associated to the stucture equations (0, 0, 0, 0, 12, 34). First observe that we can suppose that x i is orthogonal to x i+1 for i ∈ {1, 3} and that x 1 is orthogonal to x 3 . The GramSchmidt process allows us to obtain an orthonormal basis e 1 = The rest of the algebras can be decomposed as N 5 ⊕ A 1 , where N 5 is a 5-dimensional nilpotent Lie algebra. Let d 5 be the corresponding differential.
Let dt be a generator of A * 1 and observe that ker(d) = ker(d 5 ) ⊕ dt and
If N is 2-step there is a decomposition of metric Lie algebras N = (N 5 , g| N 5 ) ⊕ ( α , g| α ) and the equations follow from Lemma 6.4.
The equations for N 5,1 ⊕ A 1 , N 5,2 ⊕ A 1 and N 5,4 ⊕ A 1 can be arranged doing the Gram-Schmidt process, starting with an orthonormal basis (e 1 , . . . , e k , α) with e i ∈ ker(d 5 ).
To obtain the equations for We begin describing the set of metrics on L 3 ⊕ L 3 with harmonic spinors. for some σ ∈ {±1}.
Proof. We first take an orthonormal basis (e 1 , . . . , e 6 ) associated to the structure equations given of Lemma 6.7. Then, µ is the sum of the squares of the parameters involved and supposing that the basis is positively oriented, 2 . Therefore, the metric has harmonic spinors if λ 13;6 = ±µ 12 = 0 and λ 13;5 = ±µ 34 = 0.
• If λ 23 = 0 then A is invertible. Denote µ = µ The case of N 5 ⊕A 1 can be obtained taking into account the result of the previous sections. It is clear from Theorem 6.5 and Lemma 6.7 that the algebras L 3 ⊕ A 3 and L 4 ⊕ A 2 do not admit left-invariant harmonic spinors and that N 5,j ⊕ A 1 has harmonic spinors for j = 3. Finally take an orthonormal basis (e 1 , . . . , e 6 ) associated to the structure equations of N 5,3 ⊕A 1 given on Lemma 6.7 and suppose µ 12 = 1. Now we write the Dirac operator using the formula obtained in Corollary 5.3 and then we used the fix representation to obtain an endomorphism of the spinoral bundle. The metric has left-invariant harmonic spinors if and only if the determinant of the endomorphism is 0. Solving the equation we get: But the number on the square root is obviously positive if λ 12;6 = 0. Therefore, there are metrics with harmonic spinors.
Hence we have proved:
Theorem 6.9. Let Γ\G be a non-abelian 6-dimensional nilmanifold with g decomposable. Then, unless g equals L 3 ⊕ A 3 or L 4 ⊕ A 2 , Γ\G admits an invariant metric with left-invariant harmonic spinors.
6.3.2.
Non-decomposable algebras. Using the fixed representation of Cl 6 we are able to find a metric with harmonic spinors on each nilmanifold associated to a nondecomposable Lie algebra. We follow the same procedure that we used to determine metrics with left-invariant harmonic spinors on N 5,3 ⊕ A 1 . In many cases we will not be able to determine the roots of the polynomial in terms of the parameters. Thus, we will have to do some choices as the following example explains:
We consider the algebra N 6,17 , which has structure equations (0, 0, 0, 12, 13, 15 + 24). We first declare the canonical basis orthonormal and compute the Dirac operator. One can show that this metric does not have left-invariant harmonic spinors. Neither does any metric constructed by declaring orthonormal a basis which is obtained rescaling the canonical basis. Now we proceed to write the structure equations by means of an orthonormal basis with respect to a metric. First, write F 1 = ker(d), F 2 = d −1 (Λ 2 F 1 ) and We end up by giving a list where we have found structure equations of a nondecomposable Lie algebra with respect to orthonomal basis associated to a metric with harmonic spinors, in each case. 
